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The figures in the margin indicate full marks
for the questions

SeporTion—A

Aniswer any tei of the ﬁ‘lliﬂwiﬁﬁ Hﬂﬂﬂ[lﬂﬂg :
2¥10=20

1. Give example, with brief justification, of a
non-commutative ring with unity.

2. Let R be a ring and a€ R. Show that
a-0=0-a=0

where 0 is the additive identity in R.
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3. Define integral domain. Give one example of
an integral domain.

4. Define left ideal and right ideal of a ring.

5. If an ideal I of a ring R contains a unit, show
that I=R.

6. A is a prime ideal and B is a maximal ideal
of a commutative ring R with unity. What
can you conclude about the factor ringsR/A
and R/B?

7. Define ring homomorphism.

8. Let ¢: R — S be a ring homomorphism. Show
that if R is commutative, then ¢(R) is
commutative.

9. Define kernel of a ring homomorphism. Is the
kernel of any ring homomorphism always
non-empty? Justify.

10. Consider the elements f(x) = ax3 +x2 +x42
and g(x) = 2x2 +2x +1 in the polynomial ring
Z3[x). Compute f(x)+g(x) and fx)- glx).

11. State division algorithm in polynomial ring
over a field.
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(2)

12.

13.

14.

15.

Answer any five of the following questions :

16.

17.

22J/1233

(3)

Define Euclidean domain.

Define irreducible polynomial in Djx] where D
is an integral domain.

Give example, with justification, of a
polynomial that is irreducible over Q but
reducible over R.

State Eisenstein’s criterion of irreducibility.

SEcCTION—B

(a)‘ Show that the set of all even integers
under ordinary addition and multi-

plication is a commutative ring. Does it
have unity? Justify.

(b) Show that a non-empty subset S of a
ring R is a sub-ring if S is closed under

subtraction and multiplication, i.e., if
a-be Rand abe Rwherever g be R.

(a) Show that every finite integral domain is
a field. Give example of an integral
domain that is not a field.

(b) Show that the nilpotent elements of a
commutative ring form a sub-ring. Is the
result true for non-commutative ring?

4+1=5

10x5=50

4+1=5

4+1=5
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t4) (5)

18. (@) If Aand B i i

“ that the suaxrr1e ,;TZI s= ?23 bTZE Ij:bs‘lslcg}r 22. () Show that every Euclidean domain is a
is also an ideal of R. principal ideal domain.

(b) Let R be a commutative ring with uni (b) Show that m a princ;ipal'ideal doma.\ir},
and’ A be an ideal of R. Show that R/ A ?S' an el.ement is irreducible if and only if it
an integral- domain if and only if A is is prime.
prime. 23. (@) If F is a field, show that F[x] is a

principal ideal domain.

19. (a) Le'i1 R lbe a commutative ring with unity (5) Let D be an integral domain. Show
an -_et acR. Show that the set that the relation a~b iff a and b
<a>:={ralr € R} is an ideal of R. are associates, is an equivalence relation

(p) If Ris a commutative ring with unity and on D.

-;1 is an t;fieal of R, show that R/A is a 24. (a) Show that in an integral domain, the
ommutative ring Wwith unity. Under product of an irreducible and a unit is
what condition on A will R/ A be a field? irreducible.
: () Show that the ring :
20. (a) Let ¢:R— S be a ring homomorphism. ZN-5]= {a+b~/:§ la be Z}
Show that ¢ is an isomorphism if and ]
only if ¢ is onto and ker ¢ = {0}. is not a UFD.

(b) Let ffR—>S be a ring homomorphism. 25. (a) For any.prime D 'ShOW that the p-th

Show that R / ker f is isomorphic to f(R). ' cyclotomic polyno
pP_
¢pl0 == L _ P 1ixP 24 4x+l

21. (a) Show that the kemnel of a ring x-1
homomorphism is an ideal of the domain is irreducible over Q
ring. )

. . . (b) Let F be a field and let aecF be a

() ge:;,: aggo?v l;;;;ie:l? Bo fisa :nngiiavlmot} non-zero element. If f(x +a)is irreducible
R/B and (R/B)/(R/A) is isomorphic to gzg FI:‘, prove that f(x) is irreducible
R/A. . .
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